This paper uses Gumbel-Hougaard (G-H) copula, Clayton copula and Frank copula to construct joint distributions of hydrological variables of the two typical stations on the Yellow River Region, including the annual maximum flood magnitude (AMFM), the annual maximum flood occurrence date (AMFOD) and the annual runoffs (ARs). The results give the joint distribution between each pair of the variables. Also an isoline of the concurrence return periods between the AMFMs of the two stations was drawn up.
Introduction
Water resource is a kind of indispensible natural resource to human society. Large scale hydrological issues have drawn great attention by researchers all over the world because it may have some impacts on the living, economy and society. Costa The Yellow River is the second longest river in china and it covers large area of 752443 km2 where about 110 million residents live. The water resource of the Yellow River is 2.6% of national total water resources, ranking the fourth in the national seven longest rivers. What is more, the per capital water resource is one third of the national average level. Thus, water resource in the Yellow River region is in shortage. The runoff of the Yellow River is not uniformly distributed through a year. About 60% of the runoff of the Yellow River happens during July to October (the flood season) and runoff from March to June only covers 10%-20% of the total runoff of a year. Most of the flood during the flood season comes from the middle region of the Yellow River where two types of flood combination can lead to devastating flood of the Huayuankou station and cause flood disaster to the downstream region of the Yellow River, namely, "up large" flood (it comes from the Hekou station to Longmen station or from longmen station to Sanmenxia station) and "down large" flood (it comes from sanmenxia station to Huayuankou station). Among the two types of flood, the "down large" is more threatening to the downstream region where 70 million people live because of the high flood peak discharge it brings and the short time it needs to reach peak. On the other hand, In the climate changing environment, water resources is gradually shrinking, Flood is a kind of water resource and the measures of making flood of Yellow River useful should be considered in the case that Yellow River is in shortage. So it is important to study the possible water resource-the flood. In order to know the water resource of Sanmenxia station and Huayuankou station well, some emphasis should be drawn to analyzing the characteristics On the basis of the above treatises, this paper mainly discusses the encounter risk of the annual maximum flood magnitudes (AMFMs) and annual maximum flood occurrence dates (AMFODs) between Sanmenxia station and Huayuankou station and of each station using the Archimedean copula such as G-H copula, Clayton copula and Frank copula. Also the joint distribution of the annual runoffs (ARs) between the two stations will be established. First, the joint distributions will be constructed. Then the daily encounter risk of AMFMs between the two stations can be calculated, so as the encounter risk of a specific magnitude of flood peak and a given date of each station. Further, the paper also deals with the conditional joint probability between the AMFMs of the two stations and the conditional joint probability between the AMFOD and AMFM of each station. Also the joint return periods and concurrent return periods between the AMFMs of the two stations will be studied. Finally, an isoline of encounter return periods of equivalent frequency combination is made.
Methodology

Von Mises distribution
The AMFOD can be regarded as a circular vector which can be demonstrated by von Mises distribution. Von Mises distribution has been used in demonstrating the distribution of sudden infant death syndrome (see Ref. 13 ) and the distribution of directional wind speed (see Ref. 14) . Some researchers have introduced von Mises distribution into hydrological variable analysis. Fang et al. 15 and Yan et al. 16 used this method to analyze the distribution of flood date. The probability density function (PDF) of a variable X fitting von Mises distribution is defined as: 
Where, i D is the i th day during the calculating period. T is the length of the calculating period. Thus, the date can be transformed to a series which can be illustrated by the von Mises distribution.
Marginal distributions
P-Ⅲ distribution is widely used in flood frequency analysis and the paper prefers the method to illustrate the distribution of the AMFM and AR of Sanmenxia station Huayuankou station. The PDF of a variable Y fitting P-Ⅲ distribution is given as:
Where,  ,  and 0 a are parameters of shape, concentration and mean position, respectively. These parameters are estimated by linear-moment (LM) method.
General theory about copulas
Copulas are functions that link multivariate probability distributions as the statement by Nelsen 17 
. 
D is the first Debye function. t is either u or v
Way of choosing proper copula and parameters
A key step of building joint distributions is choosing the best fitted copula and the corresponding parameters. This paper introduces two ways to decide the most suitable copula. One is the canonical maximum likelihood estimator (CMLE) which is one of the semiparametric (SP) methods and proved to be better than the maximum likelihood estimator (MLE) and the inference function from margins (IFM) method in most situations as mentioned by Kim 20 . Details about the CMLE can be found in the work done by Vandenberghe 21 . The other one is estimating the parameter  via relationship between and Kendall's tau shown in Table 1 . Then, in order to test the goodness of fit of the copula methods, two criterions will be applied, including the AIC (see Ref. 5) value and ordinary least square (OLS) value:
Where, n is the length of the data, m is the number of the parameters, i p is the theoretical joint probability, ei p is the empirical joint probability given as:
Where the
No of x x y y   means the number of the pairs of variables that satisfy
The best choice of  and copula are supposed to bring with the minimum AIC and OLS values.
Case Study
Annual maximum flood peaks and the related flood occurrence dates of 1958-1988 (no data of 1986) from Sanmenxia station and Huayuankou station are collected, so are the annual runoff series from the two stations during the same time domain. Using the von Mises distribution and P-Ⅲ distribution discussed above, the marginal distribution parameter and corresponding testing results are given in Table 2 and Table 3 . The KSP in Table 3 After the marginal distribution is obtained, it comes to the choice of the parameter and the preference of copula through the following steps:
(i) Calculate the marginal empirical probability of AMFOD, AR, and AMFM using the equation: and the three types of copula to build joint distributions between pairs of variables and compare the results of Goodness of fit (GOF), then make a choice of  and copula which brings the best GOF. The GOF results of different  and copula are shown in Table 4 .
The best fitting situation are represented by the highlighted minimum OLS and AIC value. Thus it can be deduced that the G-H copula fits the bivariate distribution between AMFMs of the two stations and the joint distribution between the ARs of the two stations best; The Clayton copula is the best choice to construct joint distribution between AMFOD and AMFM of Sanmenxia station and the joint distribution between the AMFODs of the two stations. Frank copula performs best in building the joint distribution between the AMFOD and AMFM of Huayuankou station. Table 4 also shows that in most situations, the parameter estimated via Kendall's tau performs better than that from CMLE, except for the joint distribution between the AMFOD and AMFM of Huayuankou station in which case the Kendall's tau is negative.
We plot the best fit copula probabilities against the empirical probabilities to check the see the modeling effect more straightly. Comparison of empirical joint probability and theoretical joint probability are shown in Fig. 1-5 corresponding to the chosen copulas. It can be seen that all the copulas fit well with the empirical joint distributions. So we can implement the fitted copulas to analyze the characteristics of the variables of the two stations.
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Results and discussions
The paper implemented three common used Archimedean copulas, namely G-H copula, Clayton copula and Frank copula to analyze the joint behavior between several hydrological variables e.g. annual maximum flood peak and occurrence date of Sanmenxia station and Huayuankou station and compare the GOF of different copulas and estimators. Result shows that G-H copula is the most fitted model for the joint distribution between the AMFMs of the two stations and between ARs of the two stations. The Clayton copula performs best in constructing the joint distribution between AMFM and AMFOD of Sanmenxia station and the joint distribution between the AMFODs of the two stations. The Frank copula can illustrate the joint distribution between AMFM and AMFOD of Huayuankou station best. CDFs and contour isolines of the above joint distributions can be drawn up from which it is convenient to find the joint probability. Then the joint behaviors of the variables and encounter risks can be discussed. First, the conditional joint probability can be inferred from the marginal distributions and joint distribution as follows: The situation is the same when reversing X and Y . If we take the AMFMs of the two stations as X and Y , Eq. (9) can be used to analyze the probability of happening flood of or exceeding a given magnitude on one of the stations when the other station suffers a flood of or exceeds some magnitude. Another application of Eq. (9) is that if we set AMFM as X and AMFOD as Y or vise versa, we are able to estimate the probability of happening flood of or exceeding a given magnitude after some given date on each of the stations or the probability of a flood happening after a given date when the flood is of or exceeding some magnitude. For instance, use Eq. (9) to calculate the conditional joint distribution between AMFMs of the two stations and between AMFM and AMFOD of each station. Here, take the former situation for example, the conditional probability of Huayuankou station is drawn up in Fig. 6 on the condition that the annual maximum flood magnitudes (AMFMs) of Sanmenxia station are respectively 11969 cubic meter per second (cms) and 8201 cms. It can be deduced from Further more, it is of interest to discuss the probability of a flood of or exceeding a given magnitude happening on a specific date. The following equation can be used to derive the risk of each station:
.
Where, i q P is the encounter risk of AMFOD and AMFM. T is the happening date of the AMFM. Q is the magnitude of the AMFM. Similarly, daily encounter risk of AMFODs between the two stations can be inferred as:
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Where, s T and h T is the AMFOD of Sanmenxia station and Huayuankou station, respectively. Eqs. (10) (11) are applied to illustrate the encounter risk of AMFODs of the two stations and the encounter risk of AMFM and AMFOD of each station. Using the first encounter risk, it is convenient to obtain the probability that the AMFMs of the two stations happening on the same date. The second risk stands for the probability that a flood of or exceeding some magnitude happening on a given date. Take the former encounter risk for example, Fig. 7 shows the daily risk of the Sanmenxia and Huayuankou station both suffering annual maximum flood. It can be referred from the figure that during the flood season, the risk first rise in June and arrives at peak. After that the encounter risk declines with the time. The greatest risk appears on about August 24 th .
When analyzing the flood characteristics of the two stations, joint return period and concurrent return period are always should be considered. Joint return period stands for the return for either one of the two stations suffering some magnitudes of AMFMs. And the concurrent return period can represent the return for the two stations both suffering some magnitudes of AMFMs. They are given as: Eqs. (12) (13) are implemented to calculate the joint and concurrent return periods between the AMFMs of Sanmenxia station and Huayuankou station. Fig. 8 and Fig. 9 illustrate the CDF of the joint return periods and concurrent return periods between the annual maximum flood magnitudes (AMFMs) of the two stations, from which the return periods of any flood magnitude combination between the two stations can be inferred. Fig. 10 gives an isoline of the concurrent return periods. From Fig. 10 , it is convenient to check out the concurrent return periods between the AMFMs of Sanmenxia and Huayuankou station or find theAMFM of one station when the other and their concurrent return period is given. For instance, when the flood peak of Sanmenxia station is 11777 3 / m s and that of Huayuankou is 13875 3 / m s , then it can be inferred that their concurrent return period is 100 year.
Conclusions
This paper studied the characteristics of the flood and runoff of the Yellow River, China using 30-year long time series of annual runoff and annual maximum flood from two typical stations on the middle and lower reaches of the region. Von Mises distribution is applied to analyze the AMFOD distributions and P-Ⅲ distribution is used for illustrating the AMFM and AR distribution. The paper presents the joint distribution between the AMFMs and the corresponding annual AMFODs of Sanmenxia and Huayuankou station. The joint characteristic of ARs of the two stations is also demonstrated. Some conclusions can be drawn as follows: 
